Abstract
Introduction
Given a point´Ü Ýµ on the degree Ò rational plane curve as inversion [4, 8] . It is well-known that for a proper parametrization (that is, the correspondence Ø ´Ü Ýµ is one-to-one for all except finitely many Ø), polynomials ´Ü Ýµ and ´Ü Ýµ exist such that Ø ´Ü Ýµ ´Ü Ýµ (2) for all but finitely many´Ü Ýµ. A major theme of this paper is that valuable insight emerges when studying the implicit curves ´Ü Ýµ ¼ and ´Ü Ýµ ¼ .
One way of finding an inversion formula is to take the negative ratio of adjacent first minors of an implicitization matrix. For example, consider the unit circle about the origin 
The implicitization Bezout matrix behaves especially nice [3] . For its first minors, we have Å Å Ð when The main objective of this paper is to explore alternatives in finding inversion formulas that possess some desirable qualities. In particular, we look for lowest degree inversion, inversion of fat curves, and flatter inversion curves. To this end the paper has the following sections. Section 2 examines the algebra and geometry of inversion. Section 3 seeks the lowest degree inversion for plane curves. Section 4 finds the nearest parameter value for a point near a plane curve. Section 5 studies the task of making inversion curves flatter. Section 6 inverts space curves and Section 7 inverts surfaces. Section 8 concludes the paper with a summary and some open questions.
The Algebra and Geometry of Inversion
In order to include points at infinity, we enlarge the affine parameter line Ø to the projective parameter line´Ø ×µ and the affine plane´Ü Ýµ to the projective plane´Ü Ý Ûµ. 
where ´Ü Ý Ûµ, ´Ü Ý Ûµ are now homogeneous polynomials of the same degree Ñ.
Example. The unit circle centered at the origin given projectively is
The inversion formulas from the Sylvester minors become
The following theorem characterizes the polynomials and in the inversion formula. 
Proof:
The common intersections of the three curves are given by the roots of
Thus there are ÑÒ ½ intersections given by the ÑÒ ½ roots´Ø ×µ.
The existence of inversion formulas can be established constructively.
Theorem 3
There exists a degree at most Ò ¾ inversion formula Ø ´Ü Ýµ ´Ü Ýµ.
Proof: Let the maximum degree of and be Ñ. The degree of the numerator of Ø ´ ´Øµ ´Øµ ´Øµ ´Øµµ ´ ´Øµ ´Øµ ´Øµ ´Øµµ is at most ÑÒ · ½ and its vanishing requires the vanishing of ÑÒ · ¾ coefficients that involvé Ñ· ¾ μ Ñ· ½ µ variables (the coefficients of and ). This is always possible when´Ñ
Intuitively it is clear that the inversion formula has to become the indeterminate ¼ ¼ when´Ü Ýµ is a singular point because it corresponds to "more than one" parameter value Ø. The next theorem captures the geometric significance of this observation. which is a contradiction.
In the latter we shall proceed in the projective setting.
The inversion formula can be re-written as × ´Ü Ý Ûµ Ø ´Ü Ý Ûµ. Take the partial derivative w.r.t Ø we have
At the singularity´Ü Ý Ûµ ´ ´Øµ ´Øµ ´Øµµ we may assume without loss of generality that ´Øµ ¼. We can then write the above equation as 
Inversion Formulas of the Lowest Degree
For Ò ½, inversion formulas from the Sylvester and the Bezout implicitization matrix are in general of degree Ò and Ò ½ respectively. Theorem 3 shows that actually degree Ò ¾ suffices. But lower degree inversion formulas are possible by observing that inversion and parametrization are closely related: inversion solves for Ø in terms of Ü, Ý but parametrization solves for Ü, Ý in terms of Ø [1] . Just like a degree Ò rational plane curve with a´Ò ½µ-ple point can be parametrized using a pencil of lines, a degree Ò rational plane curve with a´Ò ½µ-ple point can be inverted with linear and .
Lines
When Ò ½ , the Sylvester implicitization matrix
gives the inversion formulas
Note that at least one of the inversion formulas will work whether È is horizontal or vertical. Since È´¼µ
clearly the horizontal lines in the first inversion formula pass through È´¼µ and È´½µ respectively; so are the vertical lines in the second inversion formula.
Other inversion formulas can be created easily. Take any point´« ¬ µ not on È´Øµ, it is straightforward to verify
Example. For the line 
Conics
The minor ratios from the Bezout implicitization matrix give linear inversion formulas for conics. They are
where
Note that Ä ¾ ½ is tangent to È´Øµ at È´½µ, Ä ¾ ¼ intersects È´Øµ at È´¼µ and È´½µ, and Ä ½ ¼ is tangent to È´Øµ at È´¼µ.
Again other inversion formulas can be created easily:
Example. Using the above formula, inversion formulas for the unit circle (3) for Ø ¾ ¿ and Ø ¾ are respectively
(33) Figure 4 shows the lines involved in the inversion formulas.
È´¾ ¿µ È´ ¾µ 
Cubics
Since Figure 5 shows the cubic Bezier curve and the lines of inversion. 
Quartics
A rational quartic has either one triple point Ì or three distinct double points ½ , ¾ , and ¿ . The inversion of a rational quartic is completely determined by its singularity. Clearly Ø Ý Üis an inversion formula. The geometric significance is that Ý ¼ intersects the quartic four times at È´¼µ (the triple point) and Ü ¼ intersects the quartic three times at È´¼µ and once at È´½µ. Figure 6 shows the quartic and the lines for the inversion. Note that we cannot take the lines Ô ¿Ü ¦ Ý ¼ though they each intersects the quartic four times at the origin because the extra intersection has to correspond to Ø ¼ . A conic that passes through È´½ ¾µ, È´½µ, and the three double points is
Theorem 5 A rational quaritc has a linear inversion if it has a triple point; it has a quadratic but no linear inversion if it has three double points.

Proof
Example. Consider a rational Bezier quartic
(40) Figure 7 shows the quartic with its three double points and the inversion conics.
Higher Degree Rational Curves
To invert higher degree rational plane curves, we can either use the ratios of the first minors of the implicitization Bezout matrix to obtain degree at most Ò ½ inversion formulas or solve a system of linear equations by equating the coefficients of powers of Ø to zero in Ø ´ ´Øµ ´Øµ ´Øµµ ´ ´Øµ ´Øµ ´Øµµ ¼
(here , are the homogeneous version) to find degree at most Ò ¾ inversion formulas.
To determine the lowest degree inversion formulas, a brute-force approach is to try to solve Equation (41) with Ñ from ½ to Ò ¾. It should be noted that the lowest degree is determined by the singularity of È. For example, a rational quintic with a quadruple point has a linear inversion. A rational quintic with six double points in general positions has a cubic inversion which is the lowest degree inversion. This is so because a line or a conic cannot go through six points in general positions. 
Inversion of Fat Curves
It turns out that if´Ü Ýµ is a point near È then an inversion formula can be obtained that finds a curve point È´Øµ The first identity imposes ÑÒ· ¾ conditions and the second identity imposes ÑÒ · Ò conditions. The polynomials and supply´Ñ · ¾ μ Ñ · ½ µ coefficients as variables. Algebraically it is always possible to find Ñ such that Example. An inversion formula for a fat line is
It is easy to see that 
Flatter Inversion Curves
The inversion curve Î´Ü Ý Øµ Ø ´Ü Ýµ ´Ü Ýµ ¼ can be made not only orthogonal but also flatter. Let a normal to È´Øµ be
In general the degrees of the numerators of AE´Øµ are ¾Ò ¾. Consider the intersection of Î´Ü Ý Øµ ¼ and the normal È´Øµ · AE´Øµ: 
È.
The following inversion curves and the normals of the unit circle centered at the origin have triple intersections:
These inversion curves are shown in Figures 9, 10 . In CAGD, rectangular, or tensor product, patches are very common. Algebraically a rectangular patch is a bidegree´Ò ½ Ò ¾ µ surface whose total degree is Ò ½ · Ò ¾ . It is defined by Equation (64) but here the polynomials , , , are of degree Ò ½ in Ø and Ò ¾ in Ù.
Since bi-degree´Ò ½ Ò ¾ µ surfaces can be implicitized by the Dixon resultant [6] , Rectangular patches can also be inverted by ratios of first minors of the implicitization Dixon matrix. In general the implicitization Dixon matrix has order ¾Ò ½ Ò ¾ , thus the inversion formulas obtained as ratios of Dixon matrix first minors has degree ¾Ò ½ Ò ¾ ½.
It is known that the Dixon method survives rectangular corner cutting [2] , consequently the method of minors for inversion applies when the rectangular bi-degree monomial support undergoes rectangular corner cutting. If the number of monomials removed is Ö, then the degree of the inversion formula is ¾Ò ½ Ò ¾ ½ Ö because the Dixon matrix here has order ¾Ò ½ Ò ¾ Ö. and the inversion formulas from the ratios of its minors are of degree at most .
Conclusion
The paper discussed three methods of finding an inversion formula for curves and surfaces. The methods are the implicitization matrx first minor ratios, the ratio of implicit curves that intersect the curve in a certain manner, and linear algebra. Important properties of inversion formulas include their degrees and their ability to invert points that are near the curve. The interplay between curve singularity and lowest degree inversion formula was also explored. The paper also found that space curves have relatively lower degree inversion formulas. The discussion on surface inversion was quite preliminary. Much remains to be done concerning total degree surface inversion. In particular, the relationship between surface singularity and inversion degree deserves further research.
